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Abstract. An analytical result is given for the exact evaluation of an integral which
arises in the analysis of acoustic radiation from wave packet sources:
Imn(β, q) =
∫
∞
−∞
e−β
2x2−iqxxm+1/2Jn+1/2(x) dx,
where m and n are non-negative integers, and Jn+1/2(·) is a Bessel function of order
n+ 1/2.
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In the analysis of acoustic radiation from wave packet sources in turbulent jets [1]
using a series expansion of the radiation from an asymmetric ring source [2], an integral
arises which may be of more general interest, and which appears not to be tabulated in
the standard collections. It is the Fourier transform of a Bessel function multiplied by
a Gaussian:
Imn(β, q) =
∫ ∞
−∞
e−β
2x2−iqxxm+1/2Jn+1/2(x) dx, (1)
where m and n are non-negative integers, and Jν(·) is a Bessel function of order ν. The
integral can be evaluated exactly in terms of elementary functions and, possibly, the
error function.
From the integral definition of Jn+1/2 [3, 8.411.8]:
Jn+1/2(x) =
(x/2)n+1/2
n!Γ(1/2)
∫ 1
−1
(1− t2)n cos xt dt,
and the result [3, 3.462.3,9.253]:∫ ∞
−∞
(ix)ne−β
2x2−iqx dx = −
pi1/2
2nβn+1
e−q
2/4β2Hn(q/2β),
where Hn(·) is the Hermite polynomial of order n,
Imn(β, q) =
1
β(i2β)m+n+1
1
2n+1/2n!
∫ 1
−1
(1− t2)ne−(q−t)
2/4β2Hm+n+1
(
q − t
2β
)
dt. (2)
Using the definition of the Hermite polynomial:
Hm+n+1(x) = (−1)
m+n+1ex
2 dm+n+1
dxm+n+1
e−x
2
,
yields, after repeated integration by parts:
Imn(β, q) =
1
im+n+1
e−(q−t)
2/4β2
β2n+1/2n!
2n∑
k=n
(−1)k
dk
dtk
(1− t2)nEn+m−k(t)
∣∣∣∣∣
1
−1
,
for m ≥ n, where:
dn
dtn
e−(q−t)
2/4β2 = En(t)e
−(q−t)2/4β2
and En(t) can be evaluated using the recursion:
En(t) =
1
2β2
[(q − t)En−1(t)− (n− 1)En−2(t)] , (3a)
E0(t) = 1, E1(t) =
q − t
2β2
, (3b)
which arises from Leibnitz’ rule for differentiation of a product.
The polynomial derivatives at |t| = 1 can be found using an argument given by
Watson [4, page 53]:
dk
dtk
(1− t2)n = (t)k−n
k!n!
(k − n)![(2n− k)!]2
22n−k, n ≤ k ≤ 2n, (4a)
≡ 0, k < n, k > 2n, (4b)
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so that
Imn(β, q) = −(−2)
n e
−(q2+1)/4β2
im+n+121/2β
2n∑
k=n
1
2k
k!
(2n− k)!(k − n)!
×
[
e−q/2β
2
En+m−k(−1)− (−1)
keq/2β
2
En+m−k(1)
]
, m ≥ n. (5)
For m < n, integration by parts terminates with an integral term remaining to be
evaluated:
Imn(β, q) =
im+n+1
β2n+1/2n!
∫ 1
−1
e−(q−t)
2/4β2 d
m+n+1
dtm+n+1
(1− t2)n dt
− (−2)n
e−(q
2+1)/4β2
im+n+121/2β
n+m∑
k=n
1
2k
k!
(2n− k)!(k − n)!
×
[
e−q/2β
2
En+m−k(−1)− (−1)
keq/2β
2
En+m−k(1)
]
. (6)
Derivatives of the polynomial are given by:
dr
dtr
(1− t2)n =
n∑
k=⌈r/2⌉
(−1)k
(
n
k
)
(2k)!
(2k − r)!
t2k−r,
with ⌈x⌉ the smallest integer greater than or equal to x.
Use of standard formulae [5, 1.3.3] gives an expansion for the integral:∫ 1
−1
e−(q−t)
2/4β2 d
r
dtr
(1− t2)n dt =
n∑
k=⌈r/2⌉
(−1)k
(
n
k
)
(2k)!
(2k − r)!
q2k−r
2k−r∑
s=0
(
2k − r
s
)(
2β
q
)s ∫ (q−1)/2β
−(q+1)/2β
tse−t
2
dt, (7)
with r = m+ n+ 1.
The integrals can be evaluated in terms of elementary functions and the error
function as:∫ (q−1)/2β
−(q+1)/2β
t2se−t
2
dt = −pi1/2
(2s− 1)!!
2s+1
[
erf
(
q − 1
2β
)
− erf
(
q + 1
2β
)]
+
e−(q
2+1)/4β2
2
s−1∑
k=0
1
2k
(2s− 1)!!
(2s− 2k − 1)!!
×
[
eq/2β
2
(
q − 1
2β
)2s−2k−1
− e−q/2β
2
(
q + 1
2β
)2s−2k−1]
, (8a)
∫ (q−1)/2β
−(q+1)/2β
t2s+1e−t
2
dt = −
e−(q
2+1)/4β2
2
s∑
k=0
s!
(s− k)!
×
[
eq/2β
2
(
q − 1
2β
)2s−2k
− e−q/2β
2
(
q + 1
2β
)2s−2k]
. (8b)
The integral of (1) can thus be evaluated exactly using (5) for m ≥ n, and (6) for
m < n, with the aid of (7).
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